
Sanford Shieh

UNDECIDABILITY, EPISTEMOLOGY AND
ANTI-REALIST INTUITIONISM

In this paper I show that Michael Dummett’s anti-realist in-
tuitionism requires a significant place for epistemic principles.
Specifically, I argue that such principles must be tacitly adopted
if we are to make sense of a relatively little-studied but central
component of Dummett’s argument for intuitionism: its use of
the notion of “undecidable” mathematical statements. After giv-
ing an account of the principal puzzles and questions concerning
the definition of this notion and its role in anti-realism, I give an
analysis of it in epistemic terms. Using this analysis, I resolve the
puzzles, answer the questions about how this concept works in
an anti-realist critique of the principle of bivalence, and conclude
with some reflections on the nature of anti-realist intuitionism.

From its inception, Michael Dummett’s anti-realist defense of intu-
itionism was explicitly intended to address the question “what forms
of justification of intuitionistic mathematics will stand up, not what
particular writers, however eminent, had in mind”.1 It is thus hardly
surprising, and often noted, that anti-realist intuitionism, with its basis
in the theory of meaning, does not reflect in all respects the views of
Brouwer and Heyting. A recent instance of this is Michael Detlefsen’s
suggestion, in the course of giving an intriguing new interpretation
of Brouwer, that perhaps the principal difference between Brouwerian
intuitionism and meaning theoretic intuitionism lies in the former’s re-
liance on epistemological considerations absent in the latter.2 My aim
in this paper is to argue that this is an exaggerated contrast. While
I have no quarrel with Detlefsen’s interpretation of Brouwer, I will
show that epistemic principles must play a significant role in one of
the most prominent aspects of Dummettian intuitionism: the rejection

1Dummett 1978b, p. 215.
2Detlefsen 1992, pp. 208-250.
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of the applicability of the principle of bivalence to all mathematical
discourse.

Not many aspects of Dummett’s argument against bivalence in
mathematics are uncontentious, but surely few would deny that it in-
cludes two major steps. First, Dummett argues for the requirement
that a theory of meaning account for the manifestation of meaning;
this, of course, is the defining doctrine of anti-realism. Second, he ar-
gues that if certain “undecidable”, or “not effectively decidable”, or
“effectively undecidable” mathematical statements are to satisfy the
manifestation requirement, then there’s something wrong with apply-
ing the principle of bivalence to these statements.

The manifestation requirement, and Dummett’s conceptions of re-
alism and anti-realism, have all received a great deal of discussion. But
not that much has been written about the notion of an “undecidable”
sentence. This is a bit odd, since this notion clearly plays a pivotal role
in the argument in question. Not only do the purported problems with
the assumption of bivalence in mathematics arise from consideration of
“undecidable” sentences, but Dummett claims that, in the absence of
such sentences, there would be no disagreement between realism and
anti-realism over the truth values of mathematical statements. More-
over, the way in which “undecidable” sentences fail bivalence is critical
for the claim that anti-realism justifies specifically intuitionistic rea-
soning in mathematics, as opposed to some other form of departure
from classical logic. For, unlike other cases of failure of bivalence in
philosophical logic, e.g., sentences containing vacuous singular terms,
or vague predicates, Dummett claims that the case of “undecidable”
sentences does not justify the existence of truth value gaps, or non-
classical truth values. So, it’s hard to see how Dummett’s arguments
can be fully understood, or evaluated, without an account of what
exactly “undecidable” sentences are supposed to be.

Unfortunately, what Dummett himself says about “undecidability”
is not of much help for clarifying this notion. He defines Undecidable
statements thus:

An [un]decidable sentence is simply one whose sense is such that, though in
certain effectively recognizable situations we acknowledge it as true, in others
we acknowledge it as false, and in yet others no decision is possible, we possess
no effective means for bringing about a situation which is of one or other of
the first two kinds.3

But he says little more about why the assumption of bivalence for these
statements is problematic than the following:

3Dummett 1981, p. 466.
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The truth of [an “undecidable”] sentence can consist only in the occurrence
of the sort of situation in which we have learned to recognize it as true, and
its falsity in the occurrence of the sort of situation in which we have learned
to recognize it as false: since we have no guarantee either that a situation
of one or other kind will occur, or that we can bring about such a situation
at will, only a misleading picture of what we learned when we learned to use
sentences of that form can give us the impression that we possess a notion
of truth for that sentence relative to which it is determinately either true or
false.4

This doesn’t go all that far, however, towards answering the main
questions about “undecidability”: In what sense, and for what reasons,
do “undecidable” statements fail to be bivalent, if anti-realism is right?
Why does the failure of bivalence for “undecidable” statements not im-
ply that they exemplify truth value gaps, or possess non-classical truth
values? Why would there be no disagreement between realism and
anti-realism over the truth values of mathematical statements unless
there are “undecidable” sentences?

These difficulties are exacerbated by the fact that it is hard to see
how Dummett’s definition of “undecidable” sentence can be explained
in terms of the two familiar notions of decidability and undecidability
in logic. Gödel’s first incompleteness theorem states that there are
(closed) formulas in the language of arithmetic such that neither they
nor their negations are derivable in systems of arithmetical axioms
and rules of inference in which primitive recursion can be formalized—
these are formally undecidable sentences. This notion of undecidability
is defined with respect to a formal system, so a formula cannot be
undecidable in this sense simpliciter, without reference to a formal
system, and, moreover, every formula is trivially decidable with respect
to a set of axioms that includes it. Another notion is the recursive
decidability of a class of formulas (or schemata), i.e., the existence of a
recursive characteristic function for that class. Again, a single formula,
as opposed to a class of formulas, cannot be undecidable in this sense.
Moreover, a singleton class of formulas is again trivially decidable in
this sense.

Decidability in either of these senses is a relational property of for-
mulas. But in Dummett’s definition of “undecidable” sentence, there is
no mention of axiom systems or classes of sentences relative to which a
given statement is “decidable” or “undecidable”. Of course, it may be
that in the definition reference to some axiom system or class of sen-
tences is meant to be tacitly understood. But which one? As Dummett
surely cannot fail to know, intuitionistic and classical mathematics al-

4Ibid., p. 468.
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low different principles of proof. Moreover, even within classical math-
ematics, what counts as an axiom for a mathematical theory is not
in general settled. Again, this is a point that Dummett is well aware
of, since his account of the significance of Gödel’s first incompleteness
theorem is that “for any definite characterisation of a class of grounds
for making an assertion about all natural numbers, there will be a nat-
ural extension of it”.5 The basis of this claim is, of course, the fact
that arithmetical truth is not recursively axiomatizable; in this sense,
we cannot, even in principle, settle on all the axioms or principles of
proof of arithmetic. The problem here is of course not merely that
tacit reference to a system of axioms and rules fails to provide an un-
ambiguous characterization of undecidability. The more fundamental
worry is that if undecidability is relative to which axioms and rules are
accepted, then it would seem that what counts as undecidable in the
case of classical mathematics presupposes the acceptance of classical
reasoning. But then it’s not clear how the concept of undecidability
could be the basis of a non-circular argument against classical logic in
mathematics.

Perhaps these worries can be sidestepped by characterizing unde-
cidable mathematical statements as ones which we cannot prove and
cannot refute. But there are two problems with this characterization.
First, a relatively straightforward and (I believe) uncontroversial for-
mulation of Dummettian anti-realism is that the following thesis follows
from the manifestation requirement:

(AR) A statement is true just in case we are capable of recognizing
its truth, and similarly it is false just in case we are capable of
recognizing its falsity.

But, now, suppose we assume that whenever we cannot prove a math-
ematical statement we cannot recognize it to be true. Then it fol-
lows from (AR) and the proposed account of undecidable mathematical
statement that such a statement is not true. Similarly, if we suppose
that whenever we cannot refute a mathematical statement we cannot
recognize it to be false, then it follows that an undecidable mathemat-
ical statement is not false. But this implies that undecidable mathe-
matical statements either have non-classical truth values or they are
instances of truth value gaps.

The second problem is this. On the Brouwer-Heyting-Kolmogorov
interpretation of intuitionistic logic, a proof of the negation of a sen-
tence is an effective procedure for transforming any proof of that sen-
tence to a proof of the absurdity constant, which, of course, represents

5Dummett 1978b, p. 194.
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any contradiction. This fact may be understood as the claim that a
proof of a negation is a proof that the negated sentence is impossible;
and this in turn can be understood as: a proof of a negation is a proof
that we cannot prove the negated sentence. Given this understanding
of intuitionistic negation, it follows from the proposed characterization
that, for any sentence, if we have a proof that it is undecidable, then,
by definition, we have a proof of its negation and of its double negation,
which is a contradiction. So we have a proof, of any given sentence,
that it is not undecidable. Hence the proposed characterization of un-
decidability, conjoined with an intuitionistic conception of proof, has
the consequence that all mathematical sentences are provably not un-
decidable. This result is clearly a problem for any critique of classical
mathematics based on properties of undecidable mathematical state-
ments.

Thus, at this point, the only thing really clear about Dummett’s
conceptions of decidability and undecidability is that they are, from the
perspective of standard mathematical usage, idiosyncratic. Whether
they are at all coherent remains an open question. I hope, in the rest
of this paper, to clarify these conceptions to a limited extent. I begin
with what I take to be a sensible account of these properties. On the
basis of this account I attempt to answer the questions about Dum-
mettian undecidability posed above. And I consider a natural objection
to the account, based on an apparently obvious line of argument for
the claim that my account of undecidable sentences fails to distinguish
them from undecided sentences. Note that, to avoid confusion, from
now on I use ‘Decidable’ and ‘Undecidable’ to express my reconstruc-
tion of Dummett’s notions.

It is plausible that, for Dummett, the initial model of Decidable
sentences consists of informal arithmetical identities in which occur
only numerals and arithmetical operators, and sentences compounded
from these identities with propositional connectives. The intuition is
that, in some sense, we can in principle, by computation, establish
the truth or falsity of such sentences. The important features of this
intuition are these:

1. We have a(n in principle) capacity to recognize these sentences as
true, or as false.

2. Our possession of this capacity depends on our having a set of
directions for something we can do, a procedure we can carry out,
namely, computation or counting.6

6This is presumably part of “what we learned when we learned to use sentences
of [this] form.”
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3. The exercise of this capacity depends on first carrying out the pro-
cedure to its termination.

4. The procedure terminates after a finite number of steps.

5. The result or output that we get after the procedure terminates is
something (call it a canonical proof or a refutation)7 that we then
can recognize as verifying or falsifying the sentence.8

The significance of the last two features is that we are guaranteed (in
principle) to reach a state in which we can recognize the statement as
true or false, and therefore that we know that (in principle) we can, as
Dummett puts it, “get ourselves in a position” to recognize the sentence
as true or as false.9 Again, in order to avoid confusion with standard
notions of decision procedure, let us call any procedure satisfying the
description just given (such as computation) an “Effective Procedure”,
or, for short, just a “Procedure”. Our initial model of a Decidable
sentence is just a sentence for which we have an Effective Procedure.

But this model must be refined, for the following reasons. Let us
call a sentence which we have proved or refuted, a “decided” sentence.
Among the presently decided sentences are ‘7 + 5 = 12’ and Fermat’s
Last Theorem. No one, not even a strict finitist, would deny that we
have a Procedure by which the former could indeed have been decided;
on the other hand, we certainly have no such Procedure for the latter
sentence.10 This shows that the mere lack of a guarantee that we can
produce a proof or a refutation of a sentence does not imply lack of

7The source of this notion of “canonical proof” is, of course, Dummett 1978a,
sect. 7.2.

8All five elements are important. We may be able to recognize a truth-functional
compound of arithmetical identities as true by recognizing it as an instance of a valid
schema of first-order logic, and hence not by computation. But the capacity that
we have in this case is distinct from the one involved in the notion of Decidability,
because there is no guarantee that we can, by these means, recognize an arbitrary
true sentence of this class as true.

9The reasoning here is this. Since we know that the procedure terminates after
a finite number of steps, we know we can, in principle, carry out the procedure to
termination. Hence we can, in principle, achieve the result or the output which we
can then recognize as verifying or falsifying the sentence.

It should also be noted that, if this conception of procedure is to be generalized
to non-mathematical statements, then Dummett’s notion of “getting ourselves in a
position” must not involve altering the facts that the statement in question describes.

10Note that this claim is not based on any contentious theses about whether we
can in principle carry out infinitely many tasks; the characterization of a Procedure
requires termination after finitely many steps.

Note also that not every sentence for which we have a Procedure is decided, since
we have not computed every arithmetical identity.
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ingenuity or luck in producing a proof or refutation; so, the mere fact
that we didn’t know that we could decide a sentence is consistent with
our eventually deciding it. But, intuitively, it would be decidedly odd
to count any presently decided sentence as not decidable. (If we now
have a proof or refutation of a sentence, surely it makes no sense to
deny that we can prove or refute it.) Hence, the revised account of
Decidability is this:

A sentence is Decidable just in case it is decided or we have
a Procedure for it.

So the class of Decidable sentences consists of the union of the class
of sentences for which we have Effective Procedures and the class of
sentences that are presently decided. And, an Undecidable sentence is
one which is not Decidable, i.e.,

A sentence is Undecidable just in case it is not presently
decided, and, we don’t have an Effective Procedure for it.

Once we define Decidability and Undecidability in this way, we see that
there is in fact a slightly different and more general characterization.
Each Decidable sentence is such that we know that we can either rec-
ognize it as true or recognize it as false, either because we have already
given a proof or a refutation of it, or because we have a Procedure.
Moreover, it is plausible that an Undecidable sentence is such that we
don’t know that we can either recognize it as true or recognize it as false.
Since such a sentence is presently undecided, our actual mathematical
achievements do not support the claim that we can recognize its truth
value; nor, by definition, is this claim justified by our possession of a
Procedure for that sentence. So the final definitions that I adopt are
the following:

(D) A statement is Decidable just in case we know, or have ade-
quate11 reason to think, that either we can recognize it to be
true or we can recognize it to be false.

(Und) A statement is Undecidable just in case it is not Decidable; i.e.,
we don’t know, or have adequate reason to think, that either
we can recognize it to be true or we can recognize it to be false.

11The adequacy of the reasons is intended to rule out counting a statement De-
cidable or Undecidable merely because, say, we feel extremely optimistic that we do
or do not have the capacities in question.
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It is important to note here that Undecidable sentences are not sen-
tences that we cannot recognize as true by proving it and cannot rec-
ognize as false by refuting it. As we have seen above, the fact that
a sentence is not presently decided does not imply that we cannot in
the future decide it. And, the fact that we don’t have a Procedure for
a sentence also does not imply that we cannot come up with a proof
or a refutation. All it does mean is that we don’t have a guarantee,
in the form of such a Procedure, for producing a proof or a refuta-
tion. So the present account does not reduce to the characterization
of Undecidable sentences as one we can neither prove nor refute that
I have shown above to be problematic. It also follows from this that
Undecidable statements are not ones that we know we cannot either
recognize to be true or recognize to be false.12 I would like to pause
to highlight the fact that, on the present definitions, Decidability and
Undecidability are epistemic concepts, concerned with our epistemic
relationship to our (in principle) capacities for recognizing the truth
values of mathematical statements. As I will now turn to show, this
makes it possible to explain the role of Undecidability in anti-realism,
i.e., to answer the questions posed above, merely on the basis of cer-
tain epistemic principles, independent of the existence and nature of
Effective Procedures.

On the basis of our definitions it appears quite simple to show that
if a statement, p, is Undecidable and satisfies anti-realism, then we
don’t know that p satisfies the principle of bivalence.

Suppose p is Undecidable and also satisfies the defining thesis of
anti-realism (AR). It follows from (AR) that p is true just in case we
can recognize it to be true. Hence, p is either true or false just in case
either we can recognize p to be true, or we can recognize it to be false.
But, by supposition and (Und), we don’t know, or have reason to think,
that either we can recognize p to be true or we can recognize it to be
false. Hence, we don’t know, or have reason to think, that either p is
true or p is false, i.e., we don’t know that p satisfies bivalence.

In order to see just what assumptions are required for this argu-
ment, I give it a perhaps more perspicuous formal representation.

12One interesting issue about these definitions concern their temporality. It is
unclear whether the extensions of the Decidability and Undecidability predicates
should be thought of as changing whenever something new is proved. In this respect
these notions raise problems similar to those surrounding Brouwer’s theory of the
“stages of the creative subject”. I am grateful to Michael Glanzberg for drawing my
attention to these issues.
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Let R be an operator on sentences:

Rp ≡df we can recognize that p (is the case).

Let K be another sentential operator:

Kp ≡df we know that p

Let T be a truth predicate:

Tp ≡df p is true.

Finally, let’s take falsity to be the negation of truth:

p is false ≡df ¬Tp.

The first argument is then formally represented as follows.

1. Suppose that a sentence p satisfies definition (Und):

¬K[R(Tp) ∨ R(¬Tp)]

2. Suppose an Undecidable sentence p satisfies definition (AR):

Tp↔ R(Tp) and ¬Tp↔ R(¬Tp)

3. From 2 it follows that:

Tp ∨ ¬Tp↔ R(Tp) ∨R(¬Tp)

4. We know simple immediate logical consequences of what we know.

5. By 1, 3, and 4,

¬K(Tp ∨ ¬Tp).

We can now answer the first question about Undecidability. The
conclusion which follows from accepting that anti-realism applies to
Undecidable sentences is that we don’t know that they satisfy the prin-
ciple of bivalence. And this conclusion is based on three crucial fac-
tors: first, the connection between truth and our capacity to recognize
truth that is the defining doctrine of anti-realism, second, our ignorance
about the extent of our capacity to recognize the truth and falsity of
Undecidable sentences, and finally, the epistemic principle that (our)
knowledge is closed under simple and immediate logical consequence.
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Moreover, all the inferences in this argument are justified by rules of
propositional minimal logic, and hence it is acceptable both classically
and intuitionistically.

In order to answer the second question, note first that, clearly, the
conclusion of the second argument does not imply that we know p to be
neither true nor false. Our failure to know that something is the case is
compatible with our not knowing that it is not the case. In terms of the
formal representation, ¬K(Tp∨¬Tp) does not imply K(¬Tp∧¬¬Tp).

Now consider whether the conclusion of this argument supports the
claim that Undecidable sentences are instances of truth value gaps, or
that they have non-classical truth values. There exists a truth value
gap only if there is a sentence which does not have a truth value. But
on the basis of the conclusion of the foregoing argument we don’t know
that an Undecidable sentence is not true and not false; hence we don’t
know that it fails to have a truth value. Similarly, the existence of non-
classical truth values requires sentences that fail to have classical truth
values. But, again, we don’t know this about Undecidable sentences;
as far as the anti-realist argument goes, we don’t know that these
sentences are not true and not false.

Note that if Undecidable statements are defined as ones that we
know we cannot either recognize as true or as false, then we would be
able to reach this stronger conclusion.

The answer to the last question comes from an equally simple ar-
gument for the claim that if p is Decidable, and satisfies anti-realism,
then it also satisfies the principle of bivalence.

Suppose p is Decidable. Then, by definition (D), we know that
either we can recognize p to be true or we can recognize it to be false.
By (AR), if we can either recognize the truth of p or its falsity, then
either it is true or it is false. Hence we know that either p is true or it
is false.

Thus, if all sentences are Decidable, there can be no anti-realist
case against the principle of bivalence in mathematics, nor, a fortiori,
any anti-realist critique of classical mathematics based on the rejection
of bivalence.

Finally, I turn to consider a natural objection. Definition (Und)
seems to amount to the same claim as:

(Und′) A sentence is Undecidable just in case we don’t know that we
can recognize it to be true, and we don’t know that we can
recognize to be false.

Formally: for any sentence p,

¬K(R(Tp)) ∧ ¬K(R(¬Tp))(Und′)
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But, from (AR) it follows that (Und′) is equivalent to:

¬K(Tp) ∧ ¬K(¬Tp)

This, of course, just says that we don’t know whether p is true or not;
a fact which holds of all undecided sentences. So, Undecidability turns
out to be equivalent to undecidedness. But now we have a problem; for,
from the explanation of the notion of Decidable sentence it follows that
there are Decidable sentences that are undecided. Hence it follows that
some sentences are both Decidable and Undecidable, a consequence
that is inconsistent with definition (Und); hence there are no Decidable
or Undecidable sentences.

The cogency of this objection depends, clearly, on whether (Und)
and (Und′) are themselves equivalent. More specifically, it depends on
whether (Und′) implies (Und); the implication in the other direction
is a requirement of my account, for it would be absurd for a decided
sentence to be Undecidable.

So, the question is, are all undecided sentences Undecidable? Prima
facie, the answer is no, provided that the notion of a Decidable sentence
is coherent; that is, provided that it is coherent to think that, even
though we have not used a Procedure to decide a sentence, nevertheless,
we can, if we were to use the Procedure, put ourselves in a position to
decide that sentence.

Let me now spell this prima facie case out further, by considering
the purported implication from (Und′) to (Und). Suppose that p is
Decidable and undecided. Not having decided p, we do not know what
the outcome of the Procedure would be. But we do know that if the
outcome is that p is false, then we cannot recognize it as true. So, if
we can recognize p as true, then the outcome is not that p is false. So,
if we know that we can recognize p as true, then we know that the
outcome is not that p is false. Since we do not know that the outcome
is not that p is false, we also don’t know that we can recognize p as
true. Similarly, we don’t know that we can recognize p to be false. So
(Und′) holds. And yet, we do know that we can either recognize p to
be true, or recognize it to be false, so (Und) fails. Hence, if there exists
Decidable sentences, (Und′) does not imply (Und).

It should be noted that this reply to the objection shows that,
even though the role of Undecidability in anti-realism can be explained
without recourse to the notion of Effective Procedure, the coherence
of the concept cannot be so defended. Only if the intuition underlying
Decidability is coherent can the concept of Undecidability be absolved
from inconsistency.
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I conclude with some tentative reflections on the foregoing account
of the role of Undecidability in anti-realist intuitionism.

To begin with, recall the problem, discussed above, that if undecid-
ability is relative to the adoption of a set of axioms and rules, then an
argument against classical mathematics based on this concept is cir-
cular. It is a natural question to raise at this point whether the same
objection applies to the notion of Undecidability.

Clearly, Undecidability remains a relative notion. It is defined in
terms of what we know about our in principle capacities, and so, to
the extent that there is disagreement over this knowledge, there will be
disagreement over what counts as an Undecidable sentence. In partic-
ular, the argument presented above against bivalence cannot succeed
against positions which hold that we know we are capable, in principle,
of recognizing the truth or falsity of all mathematical statements. Such
positions could be based on the claim that it is a perfectly coherent ex-
trapolation from our actual capacities to think that we can in principle
perform infinitely, even uncountably, many computations.13

But, at first sight, this relativity of the concept of Undecidability
does not expose the anti-realist critique of classical logic to immediate
circularity. The reason is that, on the present account, what counts
as Undecidable is not (or not explicitly) based on the adoption of a
set of axioms and rules, and so it is not evident from the start that
claims about what is Undecidable cannot, without begging the ques-
tion, support claims about the legitimacy of an axiom or a principle of
inference.

Now, it might seem on reflection that the foregoing line of thought
is wrong. For, how could the adoption of a set of axioms and rules fail
to determine, at least in part, what we can or cannot prove or refute?

This objection is well-taken, but not, it seems to me, fatal to the
anti-realist argument. One reply to it, suggested by a number of
Dummett’s writings,14 is to deny that all principles for establishing
the truth of mathematical statements are on a par. Rather, mathe-
matical practice is hierarchical. Certain principles, such as procedures
for counting and for arithmetical computation, are more fundamen-
tal than others. What we can, in principle, prove by the use of these
fundamental methods then furnishes the grounds for evaluating other
principles of proof, e.g., deductive principles such as the law of excluded
middle.15 16

13See the references in George 1993, footnotes 18, 19 and 21.
14I have in mind those writings in which Dummett argues against a holistic view

of mathematical language. See, e.g., Dummett 1991, ch. 10, esp. pp. 238-241.
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