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A DOXASTIC WALK WITH DARWICHE AND PEARL

Darwiche and Pearl have discussed an example which goes more or
less as follows (1994). I have acquired, from independent sources, two
beliefs about John, that he is rich and that he is smart. When later
evidence makes it uncertain whether John really is smart, I relinquish
my belief that he is smart; but I hold on to my belief that he is rich.
The challenge is to model this development.

Our response to the challenge is to introduce the notion of a doxastic
walk. We see Darwiche and Pearl’s example as a development of type

H0

α0−−−→ H1

α1−−−→ · · ·
αn−2

−−−→ Hn−1

αn−1

−−−→ Hn

where the Hs represent the belief states of the agent and the αs his
doxastic actions; this is a doxastic walk in n steps. But we must say
more about what counts as a belief state; in particular, we must say
more about how to represent belief states. And we must describe the
doxastic actions.

Let U be a given logical space, the points of which represent all
possible states of the world; the actual state of the world is one of them.
(How to find such a space U is a problem of application for which it is
difficult to give rules; the analyst sees the world in a certain perspective
and constructs his space accordingly. For example, if he is interested in
a certain set of parameters, U may be defined as the set of all vectors
generated by those parameters. In the simple example discussed here,
if it is people and their circumstances that we are discussing, then
we are likely to be interested in many aspects other than wealth and
intelligence. If so, U may be very large; while it must contain at least
four points in order to be of use to us, there is no upper limit.)

Notice that a subset of U can be viewed as a proposition: the
proposition that the actual state of the world is an element of the subset
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in question. Conversely, every relevant proposition (that is, that makes
sense in the chosen perspective) can be represented as a subset of U .

The belief set of an agent is usually taken to be the set of his
beliefs—the set of propositions believed by him to be true. But if
each proposition can be represented as a subset of U , then the belief
set can also be so represented, viz., by the intersection of the subsets
representing his beliefs. Note that the belief set in this sense allows an
easy characterization of the agent’s beliefs: if X is his belief set, then
he believes a proposition P if and only if X is a subset of P .

Let us now try to represent Darwiche and Pearl’s example as a
doxastic walk in three steps:

Step 0. Tabula rasa—at the outset I don’t know anything
(about the topic at hand). My belief set at this stage is U ,
and I propose to represent my belief state as H0 = {U}.

Step 1. I am told that R, which I accept. R is a subset of
U . I add R to the set of my beliefs. My new belief set is R,
and I propose to regard my new belief state asH1 = {U,R}.

Step 2. Next I am told that S, which I accept. Again S
is a subset of U . I add S to the set of my beliefs. My new
belief set is R ∩ S. I propose to regard my new belief state
as H2 = {U,R, S, R∩ S}.

Step 3. At this pont I realize that my belief in S is un-
founded. Hence I withdraw S from my set of beliefs. My
final belief set is R. I propose to regard my final belief state
as H3 = {U,R} = H1.

In this modelling, urged on the reader without much argument, the
belief states are represented by “hypertheories”. The doxastic actions
are of two kinds, the additions, which are called “expansions”, and
the withdrawals, which are called “contractions”. Precise definitions
follow.

Let H be a set of subsets of U . We say that H is closed under
arbitrary intersection if ∅ 6= S ⊆ H then

⋂
S ∈ H . If P is a proposition

(that is, a certain subset of U), let H .∩P denote the set {X ∈ H :
X ∩ P 6= ∅}. The Strong Limit Assumption (SLA) is the condition
that, for every proposition P and for all Y, Z ∈ H , if Y overlaps with
P and Z ⊆ Y , then there is some W ⊆ Y such that W is minimal
(with respect to the subset relation) among elements of H that overlap
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with P ; in symbols,

∀P ∀Y ∈H .∩P ∀Z∈H(Z⊆ Y ⇒
∃W (W ⊆ Y &W is minimal in H .∩P )).

A hypertheory is a set of subsets of U that is closed under arbitrary
intersection and satisfies the Strong Limit Assumption. The set

⋂
H

is called the belief set of H ; the intuition is that the agent believes
a proposition P if and only if

⋂
H ⊆ P . Notice that closure under

arbitrary intersection implies that
⋂
H ∈ H .

Let H be a given hypertheory and P a given proposition. The result
of expanding H by P is the set

H/P = H ∪ {X ∩ P : X ∈ H}.

The result of contracting H by P is not necessarily unique; it can be
any set

H |Z = {X ∈ H : Z ⊆ X},

where Z is minimal in H .–P = H .∩ (U −P ). It is not difficult to show
that both H/P and H |Z are hypertheories (cf. Segerberg 1995).

This theory, which bears a certain formal resemblance to a theory
about deontic dynamics presented by David Lewis (1979), seems to
work quite well. At least up to a point. Suppose that, instead of
deciding to give up my belief that John is smart, I have decided for
some reason to give up my belief that he is both rich and smart, leaving
it open that he is either rich or smart but not necessarily both.1 This
makes for a slightly different doxastic walk. We have H0, H1, H2 as
before. But this time I have decided to give up R ∩ S. What will now
be the result?

According to the theory just presented, there are two candidates
for the final hypertheory, H4 = {U,R} = H1 and H5 = {U, S}. But if
the reasons for my belief that R and that S are equally strong, then
having to choose between them may be awkward or at least artificial.
Real beliefs are more or less important, come from sources of varying
reliability, and differ in quality and strength. All such features go
unrepresented in our modelling. Given that there are these limitations,
what are we to make of the example?

One way out would be to modify our modelling in such a way as
to allow for ties. In the situation described, if my reasons for believing

1This case should not be confused with the related but different case in which I
acquire the positive belief that John is not both rich and smart.
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that R and for believing that S are equally good, perhaps I should
go to the new belief state H6 = {U,R ∪ S}—I would then end up
believing that John is either rich or smart but not necessarily both. The
formal counterpart of this suggestion is the following new definition:
contracting H by P may result in any set

H |(Z0 ∪ . . .∪ Zn−1),

where Z0, . . . , Zn−1 are n minimal elements of H .–P , for any n > 0.
The basic theory is developed in more detail in Segerberg (In prepa-

ration). However, the modification described here may be an improve-
ment.2
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